Abstract-Information about the shape and spatial orientation of an object can be gathered during exploratory hand and arm movements, and then must be synthesized into a unified percept. During the robotically guided exploration of virtual polygons or triangles, the perception of the lengths of two adjoining segments is not always geometrically consistent with the perception of the internal angles between these segments. The present study further characterized this established inconsistency, and also found that subjects' internal angle judgments were influenced by the spatial orientations of the segments, especially the segment that was explored last in the sequence. Internal angle judgments were also biased by the subjects' own active forces, applied in the direction perpendicular to the programmed handle motion. For the last segment, but not for the earlier segments, subjects produced more outward force when they reported larger angles and more inward force when they reported smaller angles. Thus, the haptic synthesis of object shape is influenced by multiple geometric, spatial, and self-produced factors.
Ç

INTRODUCTION
I
T is well known that the shape of objects can be extracted from information gathered during exploratory manual movements. For complex shapes, it appears that this process involves the synthesis of an overall shape from the geometric properties of simpler components, such as straight edges or elliptical arcs [1] , [2] , [3] , as has also been proposed to occur in visual object recognition [4] , [5] . Furthermore, these simpler components would be characterized by a few parameters such as the length and orientation of line segments as well as the eccentricity (or curvature) of arcs. It has been shown that these parameters can be discriminated haptically with a fairly high degree of precision [6] , [7] , although the haptic percept is typically distorted [8] . Ultimately, the percept of the overall shape of a complex object reconstructed in this manner can be subject to additional distortions arising from selective attention [2] and biases toward symmetry and orientations along cardinal axes [1] , [3] .
Neglecting these additional factors, the shape of a polygon can be reconstructed from the sensed relative lengths of the sides of the polygon and the angular orientations of each of the sides, or alternatively, from the lengths of, and the internal angles between, adjacent sides [1] . However, length and orientation parameters are not independent of each other-a distortion in the length along different orientations also introduces a distortion in the internal angles. Consider a cube where one side is haptically sensed to be longer than its perpendicular face. In this case, the internal angles of the diagonal connecting opposite corners of the cube should be sensed to be unequal. In a pioneering study, Fasse et al. [9] examined this question and found that the haptically sensed distortions in the internal angles were geometrically inconsistent with distortions in relative length. This raises the question of how a geometrically consistent polygonal shape can be reconstructed from pieces of information that are internally inconsistent. This phenomenon is not unique to haptic perception; it is also a characteristic of visual illusions where a particular attribute may be distorted while others are not [10] .
Since this conundrum seems to be central to the process of the reconstruction of haptically perceived complex shapes we have reinvestigated this question, conducting a more thorough exploration of the distortions in length and internal angles, using a more general model and controlling for the effect of serial order of exploration. Specifically, in their analysis, Fasse et al. [9] considered only distortions arising from dilation along one axis. We have extended their formulation to consider also distortions arising from shear deformations. Furthermore, since the publication of their work, it has become evident that the order in which two segments are explored biases the report of their relative lengths [11] in a manner that suggests that the remembered length of the segment explored first decreased over time. In the present experiments, we also account for effects arising from the serial ordering of the exploratory movements. To control for effects arising from serial order as well as speed, in our experiments the subjects' motion was always guided by the robot, in contrast to the experimental procedures employed by Fasse et al. [9] .
Even with these additional considerations, our results agree with the conclusions reached by Fasse et al. [9] . Our results also suggest that the internal angle between adjacent segments is sensed poorly in comparison to the sense of orientation of individual segments, and that judgments are based more strongly on the orientation of the last segment that was explored. Importantly, an analysis of the forces exerted by the subject indicated that the sensed orientation depends on the active force generated by the subject perpendicular to the direction of motion (especially during the last segment) as well as by the actual motion.
METHODS
Experimental Overview
We conducted two experiments, the first devoted to the haptic discrimination of relative lengths and the second devoted to the discrimination of the internal angle between adjacent segments. Six subjects participated in each of the two experiments; two participated in both, for a total of 10 subjects. All gave their informed consent to procedures that were reviewed and approved by the Institutional Review Board of the University of Minnesota.
In both experiments, subjects grasped the handle of a manipulandum (Interactive Motion Technologies) that was constrained to move in the horizontal plane. The posture of the arm was not constrained and generally, the plane of the arm was close to vertical. In all instances, the motion of the subject's arm was robotically controlled, following a halfwave sinusoidal velocity profile along each segment [11] , [12] . The stiffness for deviations from the nominal trajectory was set at 1 N/mm and a viscous damping of 0.05 N/mm/s was imposed perpendicularly to the desired motion. Subjects had their eyes closed while the arm was in motion and at the end of the trial they reported whether the first segment (in experiment 1) or the first internal angle (in experiment 2) was larger or smaller than the second in a two-alternative forced-choice design. We used an adaptive staircase algorithm [13] , [14] with interleaved ascending and descending staircases. In this procedure, the step-size was decreased and the direction of the staircase was reversed whenever the response on one trial was inconsistent with the response on the previous trial. There were 60 trials for each experimental condition. Generally, the two staircases converged to a common value within the first 20 trials (see Fig. 6 ). Experimental conditions were blocked, and there was at least a 10 min rest period between each block of 60 trials. No more than three experimental conditions were tested on any day and the order of presentation of the experimental conditions was randomized.
We first computed the bias in the subject's response (the value at which they were equally likely to respond "larger" or "smaller") from the average of the responses on the last 30 trials. We also fit the distribution of response probabilities (p larger ) to the logistic distribution function
where is either the ratio of the lengths of the two sides (Experiment 1) or the difference in interior angles (Experiment 2), 0 is the bias and is a measure of the subject's uncertainty. This procedure was done for data from each subject, and also for pooled data from all subjects. In the latter case, we adjusted the data so that the response bias for all subjects was the same. Confidence limits on the estimates of 0 and were obtained by a bootstrap procedure, obtaining random resamples of the data, with replacement, and fitting (1) to these synthetic data sets.
Length Discrimination
In the first experiment, the subject's hand moved along two orthogonal sides of a rectangle, in a clockwise or counterclockwise fashion (Fig. 1A) . The orientation of the base ' b ranged over the interval ¼ AE60 in 30-degree intervals. Thus, there were a total of 10 different experimental conditions, 5 for clockwise motion and 5 for counterclockwise motion. On each trial in the staircase we adjusted the aspect ratio () of the base ' b and the leg perpendicular to it ' h such that
. The length ' 0 was set at 20 cm and at this length, the movement time was 1.25 s. The movement time for each of the two segments was adjusted such that peak velocity was always the same, irrespective of the length of the segment. In the staircases, we did not adjust the aspect ratio directly. Instead, we used the eccentricity (ecc), defined as ¼ 1=ð1 À eccÞ for ecc < 0 and ¼ 1 þ ecc for ecc > 0;
and we began the staircases with initial values of ecc ¼ AE1ð ¼ 0:5 and 2.0) and a step size of 0.125. The initial eccentricities correspond to segment lengths of 28.3 and 14.1 cm.
The experiment was designed to reveal the pairs of lengths perceived as equal and we assumed that these haptically perceived lengths could reflect a distortion resulting from a dilation (changing the relative lengths of the sides of a cube) and a shear deformation (changing the internal angle between the two sides). This is illustrated by the dashed lines in Fig. 1B . Generally, these distortions could be implemented along axes oblique (by an angle ') to the anteroposterior (y) and mediolateral (x) axes. Given this model, the haptically sensed length ' 0 would be related to the actual length ' by
where D defines the distortions and R defines the rotation matrix from fx 0 ; y 0 g to {x, y}
We obtained estimates of the three parameters (A, S, and ') by minimizing the error between the predicted and the experimentally obtained () aspect ratios b is scaled by the factor (1 þ ), where accounts for memory-dependent effects, based on our previous finding that the reported aspect ratio depended on the order in which the two sides were explored, with the first segment tending to shrink in memory [11] . We obtained estimates for the parameters for each subject and order of exploration individually using a simplex algorithm [15] , and we also obtained an estimate combining the data for the six subjects (see Table 1 ). To do so, we first computed the predicted perceived length ' 0 for each segment, using (2) and (3), and then computed the predicted aspect ratio using (4). We also obtained an estimate for the uncertainty in each of the parameters, using a bootstrap procedure that took into account the uncertainty in the behavioral data (see (1) ).
Note that the distortion of haptically perceived space, modeled by (2) and (3), need not be uniform throughout the workspace [9] . In the first experiment, the corner was always in the subject's midsagittal plane, about 40 cm away from the torso and we assumed in our analysis that the parameters of the model did not change appreciably in the 20 cm range about the corner. We will take up the validity of this assumption in the Discussion.
Internal Angle Discrimination
In the second experiment, the subjects' hands traversed three successive straight segments (Fig. 2 ) and they were asked to report whether the interior angle formed by the second pair was smaller or larger than the interior angle formed by the first pair. The orientation of the central segment was fixed and ranged over the interval of ¼ AE60 in 30-degree intervals (i.e., five different orientations) in different experimental conditions. Although subjects were not informed of this, on each trial, the two interior angles were always adjusted in tandem, such that their sum was equal to 90 degree. Analogously to the first experiment, the central segment could be traversed from left-to-right or from right-to-left (see arrows in Fig. 2 ).
The relative orientations of the two segments bounding the central segment could take on two different configurations. In the first ( Fig. 2A) , when the two interior angles were equal (45 degree), the first and third segments were parallel to each other. This configuration was designed to be a control condition, since parallel lines should remain parallel even under the distortion illustrated in Fig. 1B , provided that the distortion ( (2) and (3)) is constant over the space spanned by the three segments. In the second configuration ( Fig. 2B ), the three segments always formed a right triangle. This configuration replicated the experimental condition studied by Fasse et al. [9] and the subjects' responses should be predictable from the transformation defined in (2), if reports of relative length and angular differences are geometrically consistent with each other.
Thus, in this second experiment, there were 20 blocked experimental conditions (5 orientations Â 2 directions of traversal Â 2 configurations of the flanking segments). We began each staircase with an angular difference of 30 degree (i.e., one angle set to 30 degree and the other set to 60 degree), as indicated by the light dashed lines in Fig. 2 . The initial step size for the angular difference was 5 degree and there were 60 trials for each experimental condition. The length of the central segment was 15 cm (traversed in 1.5 s) and the two outer segments were 10 cm long and traversed in 1 s each. The orientation of the central segment was the same for all trials in a given experimental condition, and changes in the two interior angles were obtained by varying the orientation of the flanking segments. In most cases, for each trial we also recorded the handle's position (x, y), its velocity (v x ; v y ), and forces exerted by the robot on the subject's hand through the handle (F x ; F y ) at a sampling rate of 200 Hz. We only did so for 12 of the 20 conditions for one subject and 5 of the 20 conditions for another subject, those subjects having completed the other conditions before we began to record detailed data from single trials.
RESULTS
Length Discrimination
The results from the first experiment, in which subjects had to compare the length of two orthogonal segments, were in general agreement with previous results [9] , [11] . Subjects tended to report that a rectangle with aspect ratio () greater than 1 (i.e., one whose base ' b was longer than its height ' h ) had sides of equal length (Fig. 3A) . The effect depended on the orientation of the base (F 4;50 ¼ 2:84; p < 0:05), being greatest when the inclination was equal to 30 degree. As can also be appreciated in Fig. 3A , the aspect ratio tended to be greater when the two sides were traversed in the clockwise direction, in agreement with the observations of McFarland and Soechting [11] . The heavier solid and dashed lines show the aspect ratios that were predicted by the best fit of the model given by (2) and (3) to the experimental data. The model captured the main trends in the data.
Parameter values were obtained by two different procedures. First, we fit the data for each subject and direction of traversal (CW or CCW) separately. Those values, averaged over the six subjects are reported in the bottom two rows in Table 1 and were used to generate the traces in Fig. 3A . We also combined the data from all subjects, the results being shown in the top two rows in Table 1 . In doing so, we also included the uncertainty in the subjects' performance, using the standard deviation of the aspect ratio on the last 30 trials of each staircase. We used a bootstrap procedure in which the aspect ratio for each subject and experimental condition was drawn from the Gaussian distribution for that subject. The values in parentheses in Table 1 represent the standard deviation derived from 200 iterations.
The last four columns in the Table represent the values of the overall matrix B ¼ R T DR. The overall diagonal matrix coefficients B xx and B yy computed from the fit of the data to all subjects differed significantly from 1, and the off-diagonal coefficients were different from 0ðp < 0:001Þ. The deformation was oriented (') at an axis from 50 to 60 degree relative to the x-axis. This value was larger than the estimate of 17 degrees obtained by Fasse and colleagues [9] . Conversely, our estimate of the dilation A was smaller than the value of 1.29 reported by them. These differences are probably due to the fact that our model included an order-dependent bias term (), which was negative. The shear component S, not included in the previous model, was also significantly different from 0. The plot in Fig. 3B provides an estimate of the subjects' reliability in their length comparisons. The data points show binned response probabilities using the data from all six subjects and all orientations for the CW condition. To combine the data from individual subjects and conditions, we first subtracted off the bias (the average over the last 30 trials) for each condition. We then fitted the logistic distribution function (1) to the data. This fit provided an estimate of ¼ 0:107 for the data in Fig. 3B , and of ¼ 0:099 for the CCW condition. Accordingly, values of ecc ¼ AE would correspond to response probabilities of $0:25 and 0:75. The reliability did not depend on the orientation of the base or on the direction traversal, as assessed from the 95 percent confidence limits using a bootstrap procedure. The value we obtained is comparable to the value ($0:12) reported by Fasse et al. [9] and also comparable to the values we reported (0.07 to 0.10) under a variety of experimental conditions [11] . Fig. 4 illustrates the distortions in the haptically perceived length and orientation of segments of equal length departing from a central origin. The unit circle indicated by the dashed line denotes veridical performance, with tick marks at 30-degree intervals. The solid black lines denote the haptically perceived extent and direction for movements in each of the directions, as predicted by the model coefficients. (In this simulation, we did not include the influence of serial order, i.e., the coefficient was set to 0.) The schematic illustrates the well-known radial-tangential illusion, movements in the anteroposterior direction being sensed as longer than the same movement in the mediolateral direction [9] , [11] , [16] , [17] , [18] , [19] , [20] , [21] . It also shows that the model predicts distortions in the perceived direction of motion and that these distortions are not uniform over all directions. Accordingly, one would expect that the perceived interior angle between two adjoining segments would also be distorted.
Discriminating Internal Angles
The subjects' performance in the second experiment, in which they were asked to discriminate the relative size of two internal angles, presented successively, was not consistent with the prediction derived from the results of the first experiment. Moreover, the subjects' performance was highly variable and not infrequently, they made large errors in adjusting the two angles so that they were equal.
The results from all six subjects who participated in this experiment are shown in Fig. 5 , color-coded by subject. Each plot shows the difference between the second and the first angle at which subjects were equally likely to report that the second angle was larger or smaller than the first one. We tested four experimental conditions. In the first two, shown in Figs. 5A and 5C, the two flanking segments should be arranged to be parallel to each other if performance is veridical, whereas in the other two (Figs. 5B and 5D ), they are perpendicular to each other. (It should be emphasized that the task was never explained to the subjects in these terms. They were always instructed to report which angle was larger and they were shown a rough sketch of the sort of motion that they should expect.)
The first two conditions (5A and 5C) were designed to be a control, since a distortion of haptic space (as in Figs. 1B  and 4) should leave two parallel segments parallel, as long as the distortion was the same at both segments. Furthermore, even with a nonuniform distortion of haptic space, one would expect the results in Fig. 5C to be a mirror image of the results in 5A, i.e., a positive bias in Fig. 5A should produce a negative bias of the same magnitude in Fig. 5C . Any order-dependent effects, such as we found for the length-discrimination task, should result in a constant offset between the two sets of results.
When the two flanking segments were perpendicular (as in Figs. 5B and 5D ), a haptic distortion of space such as was predicted from the first experiment, should change the orientation of the two flanking segments by unequal amounts (see Fig. 4 ). The predictions based on the model parameters derived from the first experiment are shown by the heavy black lines in Figs. 5B and 5D. (Note that the black trace in Fig. 5D is the mirror image of the trace in Fig. 5B .)
The results were not in accord with any of these predictions. In neither condition were the responses obtained when the exploration was from left-to-right (Figs. 5A and 5B) correlated with the responses obtained when the exploration was in the reverse order (Figs. 5C and 5D Fig. 5C (right-to-left, parallel) depended significantly on the inclination, but not in the other three conditions. In the vast majority of instances, the response bias did not differ significantly from 0ðt > 2:59; p < 0:05Þ, the major exceptions being for inclinations of À60, 0, and 60 degree in Fig. 5C . For the two conditions where the flanking segments were perpendicular to each other (Figs. 5B and 5D ), the response biases also did not differ significantly from the biases predicted by the results of the first experiment (heavy black traces). However, this latter result should not be viewed as support for a geometric consistency between estimates of angles and linear extent, since in some instances in Figs. 5B and 5D the response bias could differ from the predicted bias by as much as 20 to 30 degrees.
Thus, there was large variability in the responses of individual subjects in a particular experimental condition, compared to the results for the first experiment. Remarkably, however, the subjects were as reliable in their responses in any given condition as they were in the first experiment. This is illustrated in Fig. 6 . The top two panels show the responses on each of the trials of one subject exploring the segments from left-to-right in the parallel condition (Fig. 6A ) and the perpendicular condition (Fig. 6B) . Note that the ascending and descending staircases converged within about 20 trials, but thereafter there remained some uncertainty in the responses (larger versus smaller) for a given angular difference. The diagrammatic inserts in the two panels show the hand path, the solid lines corresponding to the path where the two interior angles would be equal, and the dashed lines corresponding to the path at which the subject was equally likely to respond "larger" or "smaller."
The lower two panels show the response probability function for the two conditions, including data from all six subjects and combining the results for the two directions of motion. The solid lines show the fit of the logistic distribution function (1) to the data. These fits gave a value for the slope (i.e., the uncertainty in the response) equal to 5.4 degree for the parallel condition and ¼ 5:3 for the perpendicular condition. Analysis of the fits to the data for each experimental condition showed that the uncertainty did not depend on any of the experimental parameters (inclination, direction of motion, orientation of the two flanking segments, ANOVA, p > 0:05). The uncertainty in this second experiment can be compared to the uncertainty in the aspect ratio ( ar ¼ 0:10) obtained in Experiment 1, assuming geometric consistency. Specifically, one would predict that ar ¼ tanð 0 þ ia =2Þ À tan 0 , where ia is the uncertainty in the difference in internal angles and 0 is the response bias (the angular difference in Fig. 5 divided by 2 plus 45 degree). This yields an estimate of 0.10 for ar when the response bias is 45 degree, with a range from 0.07 to 0.15 for response biases 45 AE 20
. In other words, subjects were about equally uncertain in their estimates of the internal angle and their estimate of the aspect ratio. Our result differs from the one obtained by Fasse et al. [9] , who reported that the uncertainty in estimates of internal angle was about 3 times larger.
Two lines of evidence suggested that subjects, despite the instruction to compare the two interior angles, focused more of their attention on the orientation of the last segment in the sequence. First, we consider instances in which subjects made large errors, the angular difference in the response exceeding AE15 (Fig. 5 ). Fig. 7 shows four such instances, and also the results for the same configuration explored in the reverse order, as indicated by the arrows. Note that in all instances, the responses (dashed lines) depended strongly on the order of exploration. In three of the examples, the deviation from veridical behavior (solid lines) was close to 0 (right-to-left in Fig. 7B , and left-to-right in Figs. 7C and 7D ). However, in the four examples where the subjects made the largest errors (right-to-left in Figs. 7A, 7C and 7D, left-to-right in 7B), the last segment was oriented close to one of the cardinal directions (mediolateral in 7D, anteroposterior in Figs. 7A, 7B, and 7C). The examples shown in Fig. 7 are typical of the instances in which subjects made large errors. Overall, there were 17 instances in which the response differed from 0 by more than 15 degree. In 12 of these conditions, the errors brought the orientation of the last segment closer to the cardinal directions. In every case, an accurate response would have resulted in the last segment deviating from one of the cardinal directions by 15 degree and the response resulted in an orientation that differed from the cardinal direction by 4:5 AE 0:9
. In two other instances, the final segment was oriented such that it was mirror symmetric about the anteroposterior axis with the second segment (response of 28.5 degree at an inclination of À30 degree in Fig. 5B , and a response of 26.8 degree at an inclination of À60 degree in Fig. 5D ). Response errors in the last three instances were not consistent with either of these explanations.
An analysis of the forces exerted by the robot on the subject's hand also indicated that attention was focused preferentially on the last segment in the sequence and that the subject's response was also influenced by the amplitude of the force experienced by the subject. Fig. 8 shows representative patterns of forces for two experimental conditions from two subjects averaged over the last 30 trials in the staircase, separated by the subject's verbal response (larger or smaller). The left panels in each figure shows the average hand path for the two sets of trials, and the next two panels show the averages of the forces exerted by the robot.
These forces were recorded along the x-and y-coordinates, but for purposes of averaging they were decomposed into components tangential (middle panel) and perpendicular (right panel) to each segment (1, 2, 3) . We used the convention that a positive tangential force is in the direction of motion. For the second segment of the normal force component, we adopted the convention that a force directed anteriorly was positive. For the outer two segments, a normal force directed toward the inner segment was positive. Since the acceleration of the hand in the normal direction was zero, the force exerted by the hand on the robot handle was equal and opposite to the force exerted by the robot. Consequently, a positive normal force produced by the hand in the outer two segments would be away from the central segment, in the direction of increasing the inner angle defined by that segment.
The tangential and normal forces were generally small, less than 3-4 N in magnitude. Furthermore, the tangential forces usually reflected the inertial properties of the arm, being positive when the hand was accelerated in the first half of each segment and becoming negative as the hand was decelerated thereafter. The magnitude of the normal force was also not constant throughout each segment, sometimes increasing and sometimes decreasing. The tangential forces were similar in each segment, irrespective of the subject's response, as were the normal forces in the first two segments. However, as shown in both examples in Fig. 8 , the normal force in the third segment was larger when the subject responded that the second internal angle was larger than the first one. The results shown in Fig. 8 are representative of the results from all subjects and suggest that the magnitude of the normal force exerted during the traversal of the last segment influenced the subject's verbal report.
To examine this hypothesis in more detail, we focused on the last 40 trials for each experimental condition, where the two staircases had usually converged (see Fig. 6 ). Since the normal force generally was not constant during each segment, we split each segment into two halves and computed an average force for each half, segregated according to the subject's response. In 72 of 96 instances (75 percent of the time), the average normal force in the second half of the third segment (F n32 ) differed significantly with the subject's report of "larger" or "smaller" (ANOVA, p < 0:05). In all but one instance, F n32 was more positive when the subject reported that the second internal angle (between segments 2 and 3) was larger than the first. By comparison, in 83 of 96 cases (86 percent), the subject's report depended significantly on the magnitude of the internal angle (and hence on the angular difference).
We used discriminant analysis to determine more precisely the parameters that influenced the subjects' decision on a trial-to-trial basis. As a baseline, we used the second internal angle to predict the responses, the prediction differing significantly from chance as long as the magnitude of this internal angle differed significantly for the two responses. We then tested whether or not adding the normal force component in the first or second half of each segment (i.e., F n11 ; F n12 ; . . . ; F n31 ; F n32 ) significantly (p < 0:05) improved the accuracy of the prediction and, if so, the extent to which the two parameters (internal angle, normal force) contributed to the decision.
The results of this analysis, including F n32 , for the two examples in Fig. 8 are shown in Fig. 9 . The symbols depict the difference between the two internal angles and the magnitude of F n32 for each trial, open circles denoting instances where the subject reported "smaller" and filled circles denoting a response of "larger." The results for the Fig. 9 . Results from discriminant analysis showing that the normal force in segment 3 contributed to the subject's report along with the angular difference between the two angles. Results correspond to the two examples in Fig. 8 . Filled and open symbols denote the subject's verbal response on that trial, those shown in gray correspond to the first 20 trials which did not enter into the analysis. The horizontal and vertical axes on the plot depict the angular difference between the third and the first segment and the normal force during the second half of the third segment. The decision boundary is shown by the diagonal line. Fig. 8 . Forces exerted by the robot on one subject's hand. Results show the average (AESD) over the last 30 trials in the staircase procedure, segregated according to the subject's response. Forces are reported for the direction of movement (tangential) and for the component perpendicular to it (normal) of the three segments (see schematic on the left). Note that the normal force in the third segment is much larger when subjects reported that the second internal angle was larger than the first. Segment 2 is 15 cm long. first 20 trials, which did not enter into the discriminant analysis, are represented by the gray circles. Note that in both examples, there is a substantial overlap in the angular difference for the two responses. In these two examples, in 73 percent (A) and 60 percent (B) of the last 40 trials, the subject's response could be predicted correctly based on the angular difference. The prediction improved markedly (to 85 and 88 percent correct) when F n32 was included in the analysis. The diagonal solid and dashed lines in Fig. 9 depict the decision boundary, points above and to the right of the line corresponding to a predicted response of "larger."
In 75 percent of the instances, based on discriminant analysis, including F n32 provided for improved prediction (Fig. 10) , by 8-15 percent on average for the six subjects. The number of instances in which including F n32 led to improved prediction was equal to the number of instances in which the value of F n32 differed significantly for the two responses. This is not an automatic result, however. In particular, if F n32 is strongly correlated with the internal angle, one would not expect the quality of the prediction to improve. In fact, F n32 was significantly correlated with the internal angle in 38 of 68 the instances (56 percent) where both parameters depended significantly on the subject's report. However, even when significant, the correlation was generally weak, r 2 never exceeding 0.5. As shown in Fig. 10 , on some occasions, including the normal force in other segments also improved the prediction of the subject's response by a significant amount. This occurred in 42 percent of the conditions for the first half of the normal force in segment 3 (F n31 ), most of the time a larger force predicting a response of "larger" (compare black and gray bars). However, the normal force during the first two segments improved the reliability of the prediction in only 11 percent (first segment) or 29 percent (second segment) of the instances. Moreover, the sign of the difference in the normal force magnitude did not consistently predict the response (compare black and gray bars). Thus, it appears that only the normal force generated during the exploration of the last segment influenced the subjects' decision, biasing them to report that the angle was larger when they were exerting a force in a direction that would lead to a larger angle, in a situation where the force was exerted against an elastic resistance.
SUMMARY AND CONCLUSIONS
We set out to reexamine the conclusion reached by Fasse et al. [9] that subjects' perception of the internal angles and of the relative lengths of two segments were geometrically incompatible with each other. To test this conclusion, we performed two sets of experiments, similar to those conducted by Fasse et al. [9] , in which subjects had to report whether one segment was longer or shorter than the other (Experiment 1) or whether one internal angle was smaller or larger than the other, the internal angles being defined by the intersections of three segments. We explored a larger number of experimental conditions, considered a model that was more general than that considered by Fasse et al. [9] , and controlled for the order in which the segments were explored.
Nevertheless, our experimental results largely agree with those of the previous investigation. Our results in the first experiment were largely consistent with those of Fasse et al. [9] and in the second experiment we also found that the results for discriminating internal angles were not consistent with the results for discriminating aspect ratios. However, concerning the latter finding, we come to a somewhat different conclusion. Namely, despite the explicit instruction to focus on the internal angles of the geometric figure, subjects devoted their attention primarily to the orientation of the last segment in the sequence and their response was biased in a manner that resulted in a large amount of subjectto-subject variability and internal inconsistency in the behavior. Accordingly, we suggest that subjects synthesize the shape of geometric objects based on the lengths and orientations of individual segments, with much less emphasis on the internal angle between adjacent segments. Furthermore, based on previous investigations, we suggest that the haptic senses of length and orientation are geometrically consistent with each other [6] . However, factors such as a bias toward symmetry [3] and selective attention toward particular features of a complex shape [2] , can also introduce distortions in haptically perceived shapes.
Before taking up these conclusions in more detail, it is useful to discuss some aspects of our experimental design. In our experiments, the subjects' motion along the contour was robotically guided, whereas in the previous study [9] , subjects actively explored a contour defined by an elastic boundary. We made this change primarily to control the order in which segments were explored, having found previously that the order of exploration introduced a bias in the aspect ratio [11] . We again found such a bias (Fig. 3A) and accounted for it in our model (4). However, and in agreement with our previous study [11] , the uncertainty in the report of aspect ratio in our first experiment was similar to the value obtained by Fasse et al [9] . Furthermore, in agreement with previous observations [16] , [17] , [18] , [19] , [20] , [21] we replicated the radial-tangential illusion and in agreement with [9] , we also found that the major axis (' in Fig. 1B) was tilted with respect to the cardinal axes, although our estimate of this value was somewhat larger than the value reported by Fasse et al. [9] . Consequently, we do not believe that the manner of exploration affected our conclusions.
In the second experiment, we included a control condition in which the outer two segments were parallel to each other when the two internal angles were equal (Fig. 2A) . This should be the case even when the haptic space is deformed, provided that the deformation is uniform throughout the region spanned by the central segment, whose extent was 15 cm. A series of studies mostly conducted by Kappers and Viergever [22] , [23] , [24] (see also [25] ) is pertinent in this regard. These investigators asked subjects to orient two rods, separated spatially, so that they would be parallel to each other, bimanually (i.e., simultaneously) or unimanually (i.e., sequentially). On that task, they found that there were substantial and consistent deviations from parallelity, and that they depended on the separation of the two rods along the mediolateral axis, this separation generally being 60 cm or more in their studies. They also suggested that these errors resulted from tendency toward orienting the rods with respect to the orientation of the hand (see also [26] ), this parameter depending on the rod's location in the workspace. There is also a nonuniformity in subjects' judgments of the cardinal directions (forward or sideways); however the biases differed by no more than 4 degree throughout the work space [6] . Since the two flanking segments were separated by no more than 15 cm in our experiments, we would not expect large deviations from parallelity in our experiment. Furthermore, the effect should be the same, irrespective of the order of exploration. Even though subjects sometimes made large errors on this control task (Figs. 5A and 5C ), the pattern of errors depended on the order in which the segments were explored (Fig. 7A) .
As mentioned, the results from the second experiment suggested that subjects' reports were biased toward the orientation of the last segment in the sequence, rather than a comparison of the two internal angles. This suggestion is based partly on the observation that in most instances where the subjects converged on an angular difference that deviated substantially from 0, they tended to favor an orientation of the last segment that was close to one of the cardinal axes (see Fig. 7 ) or an orientation that was symmetric with the orientation of the middle segment. A previous study in which subjects were asked to synthesize and reproduce the shape of a haptically explored quadrilateral also found a bias toward aligning segments with the cardinal directions [1] . The observation that the subjects' reports of internal angles were biased by the magnitude of the normal force encountered during the last segment, but much less so, if at all, by the normal forces in the other two segments (Figs. 8, 9 , and 10), is also consistent with our suggestion.
Despite the fact that subjects were instructed to compare the two internal angles, a strategy in which they focused only on the orientation of the last segment is feasible because the two internal angles always varied in tandem. Specifically, if one was x degrees smaller than 45 degree, the other was larger than 45 degree by the same amount. Thus, subjects could have used the first few trials in the sequence to define a reference orientation for the last segment, and used (and perhaps refined) that reference orientation on subsequent trials.
Biases in the haptic perception of orientation have not been studied extensively, most studies being largely restricted to the cardinal directions [6] , [9] . There, the biases are small (3-6 degrees), as is the uncertainty (2-4 degrees). Fasse et al. [9] concluded that the biases in the reports of orientation were consistent with the biases for internal angles, but not for length. However, this conclusion could have resulted because their analysis of the distortion in the haptic perception of length did not account for the order of exploration. When these are taken into account, our results suggest changes in orientation along different directions predicted by the first experiment are small (Fig. 4) and may indeed be consistent with observed biases for orientation [6] , [9] .
Finally, we found that the normal force during the last segment influenced subjects' reports of the angular difference. Specifically, when the subjects exerted a force directed away from the central segment, they tended to report that the angular difference (and hence the second internal angle) was larger. It is important to note that in our experimental design the magnitude of the normal force provided no useful information, since it was proportional to the deviation of the hand's trajectory from the one programmed for that trial, but bore no relation to the orientation of the segment per se. (Note that 1N normal force applied at the distal end of a 10 cm long segment would deflect it only by 1 mm, or 0.5 degree.) However, the subjects' behavior is consistent with everyday experience. Pulling against an elastic resistance would tend to increase the internal angle, and thus the normal force would normally provide useful information. We previously found that resistive forces did not influence subjects' perception of length [11] and thus, in that respect, the sensory components entering into judgments of length and orientation may be different. RoblesDe-La-Torre and Hayward [27] have also reported that force cues could introduce illusory changes in the orientation of a contour (i.e., troughs or protrusions).
